Correlations for the ignition delay times of hydrogen/air mixtures were developed using the method of High Dimensional Model Representation (HDMR). The hydrogen/air ignition delay times for initial conditions over a wide range of temperatures from 800 to 1600 K, pressures from 0.1 to 100 atm, and equivalence ratios from 0.2 to 10 were first calculated utilizing the full chemical mechanism. Correlations were then developed based on these ignition delay times. Two forms of correlations were constructed: the first one is an overall general model covering the whole range of the initial conditions; while the second one is a piecewise correlation model valid for initial conditions within different sub-domains. The performance of these correlations was studied through comparison with results from the full chemical mechanism as well as experimental data. It was shown that these correlations work well over the whole range of initial conditions and that the accuracy can be significantly improved by using different piecewise correlations for different sub-domains. Therefore, piecewise correlations can be used as an effective replacement for the full mechanism when the prediction of chemical time scale is needed in certain combustion modeling. Ignition delay time or reaction time [1-3] is one of the most important parameters characterizing the combustion process of different fuels and thus is very important for combustion modeling. Accurate calculation of the ignition delay time, especially for the combustion process with a variety of fuel blends in gas turbines and other combustion engines, is a complicated procedure because of the complex interaction between flows and chemical kinetics [4] . For hydrocarbon and synthetic bio-fuels with a large number of species and a broad range of time scales, enormous computation time is required to handle the detailed chemistry in reactive flow simulation [5] . Moreover, it is required to couple a full chemistry solver with a full-scale numerical flow solver which makes the whole procedure time-consuming and far beyond the limitation of current computers [3] . Therefore, there is an increasing need to find simplified alternatives which can accurately and efficiently predict the over-all behavior of all chemical reactions.
Ignition delay time or reaction time [1] [2] [3] is one of the most important parameters characterizing the combustion process of different fuels and thus is very important for combustion modeling. Accurate calculation of the ignition delay time, especially for the combustion process with a variety of fuel blends in gas turbines and other combustion engines, is a complicated procedure because of the complex interaction between flows and chemical kinetics [4] . For hydrocarbon and synthetic bio-fuels with a large number of species and a broad range of time scales, enormous computation time is required to handle the detailed chemistry in reactive flow simulation [5] . Moreover, it is required to couple a full chemistry solver with a full-scale numerical flow solver which makes the whole procedure time-consuming and far beyond the limitation of current computers [3] . Therefore, there is an increasing need to find simplified alternatives which can accurately and efficiently predict the over-all behavior of all chemical reactions.
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In order to reduce the computational time due to complex chemistry, different correlations were developed to calculate the ignition delay times for different mixtures. For example, Molnar and Marek [6, 7] developed reduced equations from fitted kinetics modeling for jet-A and methane fuels. More recently, Donato and Petersen [3] provided simplified correlation equations to calculate the ignition delay times of syngas/air mixtures at different initial temperatures, pressures, and equivalence ratios. These correlations [3, 6, 7] were obtained through curve fitting and thus the accuracy was highly constrained by the nonlinear regression process. Instead of conducting nonlinear regression, the method of High Dimensional Model Representation (HDMR, to be introduced in the next section) [8] [9] [10] [11] [12] is utilized in this paper to give more accurate correlations for the ignition delay times. Since hydrogen is widely considered as a candidate for the next-generation energy carrier, the ignition of hydrogen is important not only for combustion engines but also for safe transport and utilization of hydrogen. Therefore, correlations for the ignition delay times of hydrogen/air mixtures are developed in this study by using the HDMR method.
HDMR method
The High Dimensional Model Representation (HDMR) method is a set of tools developed by Rabitz et al. [8] [9] [10] [11] [12] to capture high-dimensional input-output relationship of a complex model with a large number of input parameters. It expresses the output variable f(x) as a finite hierarchical correlated function expansion in terms of the input variables x=(x 1 , x 2 , …, x n ) in the following form [8] [9] [10] [11] [12] :
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where the zeroth-order component function f 0 is a constant denoting the mean response: the first-order component function f i (x i ) gives the individual contribution to the output f(x) acted by the ith input variable; the second-order function f ij (x i , x j ) describes the cooperative effects of the input variables x i and x j upon the output f(x), etc. The last term f 1,2,…,n (x 1 , x 2 , …, x n ) reflects any residual nth-order correlated contribution of all input variables to the output f(x). Systematic optimal procedures have been developed to construct the distinct HDMR component functions in the above expansion [8] [9] [10] [11] [12] . Recently, random sampling (RS)-HDMR has been developed by Li et al. [8] to accurately and efficiently treat high dimensional input-output mapping problems and has been successfully utilized in several scientific modeling applications including atmospheric chemistry [11] , molecular dynamics simulations [8] , and bio-kinetics modeling [13] . Therefore, RS-HDMR is utilized in this study to construct correlations for the ignition delay times of hydrogen/air mixtures.
To reduce the sampling effort, the RS-HDMR component functions are approximated by optimal weighted orthonormal polynomials {ϕ} as [8] ( ) 
The constant coefficients a 0 , a 1 , b 0 , …, c 3 are determined to ensure the orthonormality of {ϕ} for a given set of random samples. The details on how to construct the RS-HDMR component functions can be found in [8] and thus are not repeated here.
It was noted that only lower order component functions have significant contributions to the output since the HDMR component functions are optimally constructed [8, 10, 11] . Therefore third-order HDMR is accurate enough and is used here.
Results and discussion
In this study, the output is the ignition delay time, τ ig , of a homogeneous hydrogen/air mixture. The detailed hydrogen/air mechanism recently developed by Li et al. [14] was used in parallel with the SENKIN program of CHEMKIN [15, 16] to simulate the homogeneous ignition process. The calculations were performed assuming the constant enthalpy and constant pressure due to the combustor applications of the ignition delay times. The ignition delay time of constant-pressure ignition is close to that of constant-volume ignition. Therefore, the results herein can also be used for constant-volume applications.
There are many different ways to define the ignition delay time. In this study, the definition of ignition delay time is based on the evolution of the temperature as a function of time, T(t), and τ ig is the time when the largest temperature changing rate (dT/dt) occurs. Figure 1 shows a typical result of temperature plotted against time and the ignition delay time according to this definition is τ ig =44.9 μs. It is also acceptable to define the ignition delay time as the time when the temperature reaches certain degree above the initial temperature, e.g. T+∆T, or as the sudden rise in OH * concentration, where OH * represents the excited electronic state of OH as commonly used in shock-tube experiments [17] . As shown in Figure 1 , the ignition delay times determined in these three ways are very close (the relative difference is shown to be less than 1.5%). Therefore, different definitions of the ignition delay times can be used interchangeably since they are quantitatively similar. For other cases within the range of mixtures and initial conditions (temperature and pressure), the conclusion remains the same.
In order to construct the correlations for the ignition delay times of hydrogen/air mixtures, different ignition delay times at different initial temperatures, T 0 , pressures, P, and equivalence ratios, φ, should be calculated first, and then these results are utilized as samples to construct one (or more) correlation(s) via RS-HDMR. It is well known that the correlation for the ignition delay time is in the form of Arrhenius-type formula [18] exp( )
Therefore, the following correlation(s) are constructed via RS-HDMR method 10 0 10 10 log (1/ , log ,log )
The inputs, i.e. (1/T 0 , log 10 P, log 10 φ), are randomly sampled with a uniform distribution within the domain of 1/1600<1/(T 0 )<1/800, -1<log 10 (P)<2, and log 10 0.2<log 10 φ<1. Figure 2 shows the ignition delay times predicted by SENKIN as a function of the initial temperature and pressure. Results from 2000 computer-runs with different initial conditions are presented. It is seen that at a given pressure, the ignition delay time monotonically increases with the inverse initial temperature. With the increase of 1/T 0 , an abrupt change of the slope between log 10 (τ ig ) and 1/T 0 is shown to appear at some transition temperature, T 0 * . The slope at the higher-temperature regime (1/T 0 <1/T 0 * ) is shown to be much smaller than that at the lowertemperature regime (1/T 0 >1/T 0 * ). Moreover, Figure 2 also shows that the transition temperature monotonically increases with the pressure. For a given initial temperature, it is found (also shown in Figure 6 ) that the ignition delay time changes non-monotonically with the pressure. This is because hydrogen oxidation is controlled by the competition between the branching reactions, H+O 2 =O+OH and H 2 O 2 +M=OH+OH+M, and the termination reaction, H+O 2 + M=HO 2 +M, the reaction rates of which strongly depend on the pressure [18] . Compared to the initial temperature and pressure, the equivalence ratio is found to exert less influence on the ignition delay time.
The original goal of this study was to obtain a single overall HDMR correlation that would accurately fit the entire set of ignition delay time data. However, the accuracy of the overall HDMR correlation is constrained by the strong non-linearity between the input and output variables, as shown in Figure 2 . Therefore, in order to improve the accuracy, a piecewise HDMR correlation model was also proposed.
Fitting data to an overall correlation
The RS-HDMR technique was utilized here to predict the ignition delay times of hydrogen/air mixtures according to eq.(5). 2000 random data points were computed via SENKIN with the initial conditions uniformly distributed within the domain of 1/1600<1/(T 0 )<1/800, -1<log 10 (P)<2, and log 10 0.2<log 10 φ<1. For the entire data set (M=2000), different sample sizes (N=200, 400, 600, 800, 1000, referred as "used data") were used to construct the overall correlation via RS-HDMR. The remaining M-N data points (referred as "test data") were used to test the performance of the overall correlation. It was found that the performance of the resulting HDMR correlation is not strongly affected by the sample size, N, and thus a small sample can be used [8] . Figure 3 compares the ignition delay times predicted by the overall correlation (τ HDMR ) and those by SENKIN using the detailed hydrogen/air chemistry (τ Mech ). The coefficient of determination, R 2 , is shown to be 0.98. From this point, the overall correlation predicts the ignition delay time quite well. However, as will be shown later in Figures 5 and 6 , the transition between the higher-and lower-temperature/ pressure regimes is not accurately predicted by the overall correlation, especially for initial conditions at low temperatures and low pressures. In order to improve the accuracy, the whole domain of the initial conditions (temperature and pressure) needs to be separated into several sub-domains and different correlations should be generated based on the data in each sub-domain.
Fitting data to six piecewise correlations
Due to the strong effects of the initial temperature on the ignition delay time over the full range of parameters in this study, different correlations were developed to describe the higher-temperature and the lower-temperature regimes. Moreover, it is noted that the transition temperature strongly depends on the pressure. Therefore the whole pressure domain ranging from 0.1 to 100 atm is also divided into several different regions. Many different ways of division were tried. The six-subdomain division summarized in Table 1 was found to be better than others and thus was employed in this study.
For each sub-domain, 2000 random data points were computed via SENKIN with the initial conditions uniformly distributed in terms of 1/T 0 , log 10 P and log 10 φ. The first 1000 data were used to construct the correlation via RS-HDMR while the remaining 1000 data were used to test the performance of the piecewise correlation. Compared to the overall correlation which is suitable for the whole domain of the initial conditions (temperature and pressure), the correlation in each sub-domain was called the piecewise correlation. Figure 4 compares the ignition delay times predicted by the piecewise correlation (τ HDMR ) and those predicted by SENKIN using the detailed hydrogen/air chemistry (τ Mech ) for initial conditions within three different sub-domains, II, III, and V, as listed in Table 1 . The coefficients of determination, R 2 , are shown to be close to unity. Therefore the piecewise correlation can accurately predict the ignition delay times at different initial conditions. To compare the performance of the overall and piecewise correlations, the coefficients of determination, R 2 , for different sub-domains are listed in Table 2 . As expected, the R 2 of the piecewise correlation is closer to unity than that of the overall correlation. Therefore, the accuracy can be improved by using the piecewise correlations for sub-domains instead of the overall correlation for the whole domain of the initial conditions (temperature and pressure). Figure 5 shows the ignition delay time as a function of the initial temperature for stoichiometric hydrogen/air mixtures at different pressures. The results (solid lines) predicted by SENKIN using the detailed chemical mechanism are the exact ignition delay times and are shown here for comparison. At the atmospheric pressure, Figure 5(a) shows that there is a large difference between results from the piecewise and overall correlations, especially for the initial 
Sub-domain IV 1200 < T 0 ≤1600 K 6.0 < P ≤30.0 atm Sub-domain VI 1400 < T 0 ≤1600 K 30.0 < P ≤100.0 atm Table 2 The coefficients temperature close to the transition temperature, T 0 * (around 900 K for P=1 atm). It is seen that the overall correlation cannot accurately predict the ignition delay time for the initial temperature around the transition temperature and within the lower-temperature regime. By using two different piecewise correlations for the higher-and lower-temperature regimes, respectively, Figure 5(a) shows that the accuracy is greatly improved. At intermediate pressure (P=10 atm) and high pressure (P=50 atm), Figure 5 (b) and 5(c) show that the results from the piecewise and overall correlations are very close, both of which agree well with the exact results from SENKIN. Compared to the exact ignition delay times (solid line), results from the piecewise correlations are shown to be more accurate than those from the overall correlation.
Similarly, Figure 6 shows the ignition delay time as a function of pressure for stoichiometric hydrogen/air mixtures at different temperatures. At the lower initial temperature (T 0 =900 K), Figure 6 (a) shows that the ignition delay time changes non-monotonically with the pressure: it first decreases, then increases, and finally decreases again with the pressure. As mentioned before, this non-linear behavior is due to the fact that the reaction rates of the branching reactions, H+O 2 =O+OH and H 2 O 2 +M=OH+OH+M, and the termination reaction, H+O 2 +M=HO 2 +M, strongly depend on the pressure [18] . It is seen that the overall correlation cannot even qualitatively predict the non-linear behavior: compared to the exact results predicted by SENKIN using the detailed chemical mechanism (solid line), the opposite trend at which the ignition delay time changes with the pressure in lower pressure regime (log 10 P<-0.4) is predicted by the overall correlation. By using three different piecewise correlations for the low-, intermediate-, and highpressure regimes, respectively, the non-linear behavior is captured and the accuracy is greatly improved. Figure 6(a) shows that the piecewise correlations can accurately predict the ignition delay times at high pressures while large discrepancies between the exact results and those from piecewise correlations still exist for low-and intermediate-pressure regimes. Unlike the lower temperature (T 0 =900 K) results, Figure 6 (b) shows that for the higher initial temperature (T 0 =1500 K), results from the piecewise and overall correlations both agree well with the exact results from SENKIN. As expected, the piecewise correlations are also shown to be more accurate than the overall correlation, especially for the high-pressure regime in which the nonlinear behavior occurs.
Discussion
In this study, a wide range of conditions including temperatures from 800 to 1600 K, pressures from 0.1 to 100 atm, and equivalence ratios from 0.2 to 10.0 is covered to construct the correlations for the ignition delay times of hydrogen/air mixtures. To the authors' knowledge, this is the first attempt to use the HDMR method to develop correlations for hydrogen/air mixtures covering such an extensive range of conditions. Compared to the work done by Molnar et al. [6, 7] and Donato et al. [3] , which focus on developing reduced equations for the specific chemical mechanisms, the correlations constructed in this study are much more accurate with the help of HDMR technique.
As shown in the above sections, two forms of correlations, overall one and piecewise one, are constructed to represent the ignition delay times as a function of initial temperature, pressure, and equivalence ratio. The overall correlation uses a single equation to predict the ignition delay time. The advantage of the overall correlation is that only one group of coefficients needs to be evaluated for the wide range of initial conditions. However, the accuracy of the overall correlation is sacrificed by its simplicity. It can model the higher-and lower-pressure, higher-and lowertemperature regimes; however the transition parts between these regimes cannot be accurately predicted. For the piecewise correlations, different equations are utilized to predict the ignition delay times for the initial conditions within different regimes. The accuracy is shown to be greatly improved by replacing the overall correlation with the piecewise correlations. For the initial temperature close to the transition temperature, T 0 * , it is seen that the overall correlation cannot accurately predict the ignition delay time. By using two different piecewise correlations for the higherand lower-temperature regimes, respectively, the ignition delay time for the initial temperature close to the transition temperature is found to be accurately predicted.
To further demonstrate the performance of the overall and piecewise correlations, Figure 7 compares the ignition delay times of hydrogen/air mixtures measured experimentally by shock tubes [19, 20] and those predicted by different correlations developed in this study. It is seen that both the overall and piecewise correlations correctly predict the tendency of the ignition delay time changing with the inverse initial temperature. The piecewise correlations are shown to give much better results than the overall correlations. For P=2.5 atm, predictions from the piecewise correlations are almost the same as the experimental results. For P=2 atm, the experimental results are slightly lower than those from piecewise correlations but the difference is still very small considering the large uncertainty in the ignition delay times. Therefore, the piecewise correlations can accurately predict the ignition delay times of hydrogen/air mixtures and thus can be used in combustion modeling replacing full chemical mechanisms.
Conclusions
The method of HDMR (High Dimensional Model Representation) was utilized to construct correlations for the hydrogen/ air ignition delay times over a wide range of initial conditions. Two forms of HDMR correlations were constructed: the first one is an overall general model covering the whole range of the initial conditions, while the second one is a piecewise correlation model valid for initial conditions within different sub-domains. The overall HDMR correlation gives a good prediction of the behaviors of the ignition delay times but cannot accurately model the transition parts between the higher-and lower-pressure, high-and lowtemperature regimes. By constructing different piecewise HDMR correlations for different sub-domains, the accuracy can be significantly improved and the piecewise correlations were shown to be able to accurately predict the ignition delay times of hydrogen/air mixtures, even at transition parts. Therefore, HDMR correlations can be used as an effective replacement for the full mechanism when the prediction of chemical time scale is needed in certain combustion modeling. These HDMR correlations are available from the authors on request.
